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Abstract 

A key challenge in maths education research is the identification of content knowledge (CK) 

and pedagogical content knowledge (PCK). Our study uses German pre-service teachers to in-

vestigate these dimensions and to differentiate PCK further into the domains of instructional 

and diagnostic competence. Empirical results support the existence of these two domains and 

show that they can be found in a very content related context. A bifactor model is used to illus-

trate the within-structure of PCK. The model’s validity is discussed referring to different types 

of students and to relevant validity coefficients of scales of other studies. We discuss implica-

tions for the theoretical foundation of the organization of teacher training. 
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Introduction 

In maths teacher education, students face potential problems experienced at the tran-

sition from the way mathematical contents are taught at university to how they are 

taught in school (second part of "double discontinuity" in Klein (1908), Winsløw & 

Grønbæk (2014), or "expert blind spot hypothesis" in Nathan and Petrosino (2003)). 

This study addresses this problem by investigating the structure of pedagogical con-

tent knowledge as something which might be suitable for supplementing the content 

knowledge education at university. 

Shulman (1986, 1987) suggested a general knowledge base for teachers. The distinc-

tion between general pedagogical knowledge (GPK), content knowledge (CK) and 

pedagogical content knowledge (PCK) has become accepted in the literature (e.g., 

Baumert & Kunter, 2006). One of the aspects covered by PCK is to comprise the 

ability of transferring abstract expertise to the sort of knowledge which is relevant for 

teaching. PCK covers a range of areas from content-related elements of teacher 

knowledge (referred to as the content-related part of PCK) to those elements relating 

to students and classroom which may be understood as the pedagogical end of the 

spectrum. Despite its popularity, the wide range of the term – as used by Shulman – 

lacks definition and empirical investigation (Ball, Thames, & Phelps, 2008; Depaepe, 

Verschaffel, and Kelchtermans, 2013) and indicates a multidimensional construct and 

it therefore seems appropriate to use a model that takes this dimensionality into ac-

count.  

The question arises to what extent (content-related) PCK includes special mathemat-

ical knowledge which should be taught in the context of PCK and in addition to the 

important subject-matter knowledge lectures (e.g. Ball, Lubienski, & Mewborn, 2001) 

of the study program (and thus – in the curriculum of the study program – separated 

of the CK education).  

The concentration on its content-related tasks is a new approach of investigating PCK, 

as this aspect formed only a small part of the investigation of a general picture in 

earlier studies (e.g. N. Buchholtz, Kaiser, & Stancel-Piatak, 2011), or it was assigned 

to CK (e.g. Ball et al., 2008). The domains of PCK in particular have hardly been 

studied.  

 

 

Related work 

During the last decades, several studies on the relation of CK and PCK were con-

ducted to provide some of the empirical evidence which was considered to be lacking 

by Baumert and Kunter (2006). Those studies measure CK and PCK separately or 

their relation to each other among other aspects of the broad professional competence 

of teachers of mathematics (e.g. COACTIV, Kunter, Baumert, Blum, Klusmann, 

Krauss, & Neubrand (2011), Kunter & Baumert (2011); TEDS-M, Blömeke, Hsieh, 
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Kaiser, and Schmidt (2014); MT21, Blömeke (2011); Blömeke, Kaiser, and Lehmann 

(2008); Krauss, Brunner, et al. (2008)). They are concerned with teachers in service 

or students at the end of education and focused on contents for lower grades (e.g. 

Blömeke & Kaiser, 2014; C. Buchholtz, Doll, Stancel-Piatak, Blömeke, Lehmann, & 

Schwippert, 2011; N. Buchholtz, Scheiner, Döhrmann, Suhl, Kaiser, & Blömeke, 

2012).  

In those studies, the relationship between CK and PCK was measured using only a 

single scale for PCK and domains were merely formulated for the construction of tests 

but have not been empirically verified (e.g. N. Buchholtz et al., 2011). The question 

about the dimensionality of PCK remains open, but this point is of special interest at 

the beginning of teacher education because it may be important to know which parts 

develop together and should be taught together.  

Besides other reconceptualization of teachers’ PCK (e.g. Cochran, DeRuiter, & King, 

1993; Grossman, 1990; Marks, 1990), the framework of mathematical content 

knowledge for teaching (MKT) (e.g. Ball et al., 2008; Hill, Ball, & Schilling, 2008) 

which covers both CK and PCK, also reveals interesting insights. Ball et al. (2008) 

define MKT as "the mathematical knowledge needed to carry out the work of teaching 

mathematics" (Ball et al., 2008, p. 395).  

For the component that includes content-specific knowledge, the framework of 

Schoenfeld and Kilpatrick (2008) was used. This framework is influenced by Shulman 

(1987) and distinguishes between mathematics content knowledge (MCK) and math-

ematics pedagogical content knowledge (MPCK).  

As our focus is on maths specific CK and PCK, we use the abbreviations MCK and 

MPCK.  

 

 

The present study 

As part of our Maths Teacher Education Study (MatTES), this study intends to inves-

tigate the inner structure of MPCK and how it can support teacher education in Ger-

many. This approach differs from that taken in other studies (e.g. Blömeke et al., 2011; 

Blömeke, Kaiser, & Lehmann, 2010; N. Buchholtz et al., 2012, Baumert & Kunter, 

2011; Krauss, Neubrand, Blum, & Baumert, 2008) in that it does not intend to measure 

correlations of MPCK and MCK in general. Instead, the aim of the study is to inves-

tigate dimensions within MPCK and to compare latent mean scores of different groups 

differentiated by experience and degree program with the aim of validating the test.  

The study design of MatTES focusses on two particular aspects. The first is a concen-

tration on the teacher education for the academic track (upper secondary education) 

where the type of content studied is close to academic mathematics  

The second aspect concerns the stage of training. In Germany, teacher pre-service 

education takes place in two phases. Our focus is on the beginning of the first, 
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university-based phase. It involves formal education in MCK, MPCK and GPK as 

well as internships in school in two subjects.  

With regard to MCK, our study agrees with the four stages of mathematical under-

standing in Baumert and Kunter (2011). A profound understanding of the mathemat-

ical background of the subject matter taught in school is seen as a prerequisite for 

MPCK within MCK. Our study refers to this level of abstraction as school-relevant 

mathematical content knowledge (schoolMCK) in contrast to academic mathematical 

content knowledge (academicMCK). For simplification, readers may think of 

schoolMCK as the CK described by Shulman (or CCK in Ball et al. (2008)).  

MPCK is coming into play in the content-related interaction between the school 

teacher and her students. We therefore expect to see two domains of MPCK which 

relate to the two directions of this interaction. Those domains are based on the original 

key components – knowledge of instructional strategies and representations (instruc-

tion) and knowledge of students’ (mis)conceptions (diagnostic competence) – in Shul-

man (1986) (see also KCT and KCS in Ball et al. (2008)).  

The domain of instruction refers to the teacher’s ability to prepare and communicate. 

This process includes the integration of the school content into an academic context 

as well as the extraction and presentation of subject matter (see tasks in Baumert and 

Kunter (2011)) in a form suitable to a specific group of students (depending on the 

grade and the previous knowledge of those specific students). Instruction includes 

knowledge about typical misunderstandings, ways to avoid them or resolve them if 

they arise. Note that we include misunderstandings here (see Shulman’s knowledge 

of students’ (mis)conceptions). We include this notion here because it is important for 

the selection of strategies to understand where problems might occur. In these do-

mains we also include content-related parts (also described in SCK, Ball et al. (2008)). 

For example, the mathematical knowledge required for the tasks of "finding an exam-

ple to make a specific mathematical point" and "modifying tasks to be either easier or 

harder" (Ball et al., 2008, p. 400) can be seen as the foundation or the content-related 

part of the instruction domain and thus it is included in our framework. This domain 

can be compared to Shulman’s knowledge of instructional strategies/representations  

The process which is concerned with the domain diagnostic competence includes the 

identification of underlying sources of mistakes and the evaluation of individual states 

of knowledge from the responses of the students (described as a component of SCK 

by Ball et al. (2008)). Again, we include this content-related part in our domain within 

MPCK. In this context, a response can be any kind of feedback the teacher receives 

from his or her students, for example in oral discussions in the classroom or through 

test results. In that sense diagnostic competence can be seen as part of the more general 

diagnostic competence (described for example in Ohle and McElvany (2015)). Close 

to Shulman’s PCK the general diagnostic competence can be defined as the ability to 

judge students’ performance level correctly as well as the correct estimation of the 

difficulty of tasks and materials (see e.g. McElvany, Schroeder, Baumert, Schnotz, 

Horz, & Ullrich, 2012). Included in that general framework, diagnostic competence 

qualifies as the part that is concerned solely with the judgement of students’ responses 
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to specific contents and tasks. Diagnostic competence is often seen as an important 

component of teachers’ competencies alongside PCK. However due to the closeness 

of our notion of diagnostic competence to specific contents it is seen as part of MPCK. 

This domain can be compared to Shulman’s knowledge of students’ (mis)conceptions. 

Even though those two domains may be regarded as different aspects of teachers’ 

knowledge, in practice they are not completely separate. The domains are connected 

through the teacher’s process of reflection on his or her own actions.  

Those domains were discussed theoretically with experts both on MCK (math lectur-

ers at university) and MPCK (lecturers at teacher education institutes).  

 

 

Research Question and Hypothesis. 

As subject matter is often seen as a prerequisite (e.g. Kunter et al., 2011) for MPCK, 

the question arises whether it is possible to identify domains of MPCK during this 

phase dominated by subject matter, which exist in addition to MCK. In order to an-

swer this question, we tested two models. Model 1 (see Figure 1a) describes the 

MPCK domains in addition to the prerequisite of a general MCK domain (here 

schoolMCK). Model 2 (see Figure 1b) suggests that schoolMCK alone explains the 

outcomes of the test.  

 

 

 

 

Figure 1. 

a (left) Model with schoolMCK (school relevant mathematics content knowledge) and two 

domains of MPCK (mathematics pedagogical content knowledge) (model 1), 

b (right) One-dimensional model with schoolMCK (school relevant mathematics content 

knowledge) as single latent variable (model 2) 
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In this context, these domains may be seen as a specific mathematical understanding 

that "goes beyond knowledge of subject matter per se to the dimension of subject 

matter knowledge for teaching" (Shulman, 1986, p. 9).  

Ball et al. (2008) mention the importance of evidence for a possible multidimension-

ality of mathematical knowledge for the organization of teacher education. "Profes-

sional education could be organized to help teachers learn the range of knowledge and 

skill they need in focused ways" (p. 399). If the domains can be identified, teacher 

education can be structured accordingly regarding the tasks of MPCK lectures and 

seminars. While student and classroom related topics within MPCK may only play a 

minor role in this phase, the content-related parts of the domains should be supported 

in parallel to the mathematical lectures focusing on MCK.  

A summary of the tasks of MPCK lectures in the first phase of math teacher education 

is shown in Figure 2. One task is to help students extract and adapt the academic maths 

contents they learn in the lectures in a way which then turns it into the schoolMCK 

domain. This means that an MPCK lecture should support students’ transformation of 

abstract knowledge into knowledge which is useful for teaching in school. The second 

task is to produce the mathematical understanding necessary for the domains instruc-

tion and diagnostic competence.  

 

 

 

 

Figure 2.  

Tasks of MPCK (mathematics pedagogical content knowledge) lectures at the early stage in 

university as support of the subject matter education. MPCK as competence in school 

composed of the two domains instruction and diagnostic competence, schoolMCK (teachers’ 

school-relevant mathematical content knowledge) as underlying requirement. 
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Hypothesis: Domains of MPCK explain outcomes in addition to MCK in a content-

related MPCK test. This means that the proposed model 1 (see Figure 1a) fits the data 

and the domains explain variance even for controlled schoolMCK, and model fit im-

proves compared to a one-dimensional model (see Figure 1b) with schoolMCK as 

single latent variable.  

 

 

Methods 

Study design and sample 

The study was conducted within the project MatTES which, started at the end of 2014 

at the University of Tübingen. For the research question it was necessary to analyze 

students with different levels of experience in MCK. We focused solely on MCK in 

the field of calculus (analysis). A broad calculus training is covered by the lectures 

Analysis 1 through to Analysis 4, usually attended in the first semester through to the 

fourth semester. A rough classification would be: One-dimensional integral and dif-

ferential calculus in Analysis 1, multidimensional differential calculus in Analysis 2, 

multidimensional integral calculus in Analysis 3 and complex analysis (in one varia-

ble) in Analysis 4. In the maths major course (B.Sc.), it is compulsory to attend all 

analysis lectures. The state examination students – pre-service teachers – (state exam-

ination is the German graduate degree for teachers) have to attend Analysis 1, 2 and 

4, Analysis 3 is not compulsory for this group of students.  

For the teacher candidates, two courses in maths specific didactics are required (Di-

dactics 1 and Didactics 2). Students starting in winter semester 2014/15 were free to 

choose at which point during their studies they attended a program of didactics lec-

tures. Students starting in winter semester 2015/16 were scheduled to take didactics 

in their second year (third semester), at which point they had already acquired basic 

knowledge of academic maths. Therefore, the participants of the Analysis 2 lecture 

had not yet attended a didactics lecture at the start of our study. At the end of winter 

semester 2015/16, the Didactics 2 course was taught as a one-week intensive seminar.  

The empirical study was conducted drawing on participants of two lecture courses and 

one seminar course. For the main sample, we analyzed students of the two lecture 

courses Analysis 2 and Analysis 4 (compulsory for teacher candidates) in the summer 

semester of 2016. These lectures are attended both by students taking either maths or 

physics as their major subject (in the following we will refer to those two groups to-

gether as "B.Sc.") and by teacher candidates (referred to as "Teacher"). Nevertheless, 

this is a homogeneous sample regarding the study program because their maths com-

ponents do not differ at this stage and it is a homogeneous sample within the preserv-

ice teachers because until this stage the students mostly focus on the maths education 

with hardly any additional education in didactics. In addition, students attending the 

seminar for maths specific didactics (Didactics 2) were included (referred to as 
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"Tsem"). The participants were teacher candidates in the fourth semester and above. 

Some of them had already completed an internship at school.15The sample contained 

n = 256 students, 112 of which were recruited from the Analysis 2 lecture and 116 

from Analysis 4. The sample from Didactics 2 contained 28 students. In addition to 

the programs of study described here (Teacher and B.Sc.), a few students from other 

programs attended these lectures, which is why the numbers for Teacher and B.Sc. do 

not add up to the total. Table 1 shows descriptive statistics. Covariates (e.g., age, 

school grades) were measured using a questionnaire.  

 

 

Table 1 

Descriptive data for the samples and subsamples 

 

event 
subsam-
ple 

 
total 
(n = 
112) 

Analysis 
2 
Teacher 
(n = 63) 

 
B.Sc. 
(n = 
31) 

 
total 
(n = 
116) 

Analysis 
4 
Teacher 
(n = 50) 

 
B.Sc. 
(n = 
59) 

Didactics 
2 
Tsem 
(n = 28) 

total 
sample 
(n = 
256) 

 M (SD) M (SD) M 
(SD) 

M (SD) M (SD) M (SD) M (SD) M (SD) 

Agea 21.37 
(4.65) 

20.90 
(1.64) 

22.32 
(8.0) 

22.29 
(2.34) 

22.90 
(1.92) 

21.86 
(2.59) 

24.12 
(1.35) 

22.12 
(3.53) 

 (n = 
100) 

(n = 63) (n = 
31) 

(n = 
111) 

(n = 50) (n = 
58) 

(n = 28) (n = 
239) 

High 
school 
GPAb 

1.82 
(0.55) 

1.86 
(0.55) 

1.73 
(0.56) 

1.87 
(0.56) 

1.81 
(0.56) 

1.92 
(0.56) 

1.89 
(0.54) 

1.85 
(0.55) 

 (n = 98) (n = 63) (n = 
29) 

(n = 
112) 

(n = 50) (n = 
58) 

(n = 28) (n = 
238) 

High 
school 
maths 
scorec 

12.34 
(2.41) 

12.19 
(2.35) 

12.90 
(2.21) 

12.64 
(2.53) 

12.53 
(2.02) 

12.91 
(2.44) 

12.20 
(2.06) 

12.47 
(2.43) 

 (n = 97) (n = 62) (n = 
29) 

(n = 
108) 

(n = 49) (n = 
55) 

(n = 25) (n = 
230) 

Gender 
(male) 

48 % 37.1 % 64.52 
% 

59.29 
% 

36 % 76.27 
% 

32.14 % 51.15 
% 

 (n = 
100) 

(n = 63) (n = 
31) 

(n = 
113) 

(n = 50) (n = 
59) 

(n = 28) (n = 
241) 

 

Note:  a rescaled measure (2016 − (year of birth)). b German grade point average (GPA), scores 

range from 1 to 6 with 1 as the best score. c maths score of the final secondary school examina-

tion. Scores range from 1 to 15 with 15 as the maximum score.  

 

15Even though this does not seem homogeneous all the analysis was executed and the structure was tested 

without the inclusion of the seminar resulting in no significant differences. 
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Teacher = teacher candidates; B.Sc. = Bachelor of Science (math and physics); Tsem = math 

specific didactics students.  

 

 

Instrument 

The competence test employed here was developed for trainee teachers at the begin-

ning of their second year at university and above. Basic knowledge of university maths 

is required. The test is intended to measure knowledge in MPCK that is close to purely 

mathematical understanding. It is not intended to measure general MPCK skills in 

teaching and classroom management, because these skills are expected to be devel-

oped during later stages of teacher education. Due to this and the general area of ap-

plication of MatTES it was necessary to develop a new instrument. We considered 

employing instruments which had been validated in other studies (e.g., TEDS-M, 

TEDS-sM). However, these would not have been suitable for our purposes, as the 

target populations differ. Our participants’ state of knowledge precluded the use of 

technical terms in the field of MPCK. Nevertheless, the development of the items 

drew on those existing instruments and the best subset was selected.  

Different experts were involved in the development of the test. On the mathematics 

side, the group consisted of lecturers involved in the Analysis lectures. For the MPCK 

content, our group worked together with colleagues at the teacher education institute 

Tübingen, which is responsible for the second phase of maths teacher education and 

which provides the MPCK lectures and seminars at the university.  

In the interest of economy, a fairly short test was constructed containing 19 items, all 

of which are in binary multiple-choice format. More items – including existing items 

– were tested during the development phase. Due to limited testing time, the resulting 

instrument contains a selection of the best items. The study was conducted in close 

connection with the Analysis lectures, therefore the mathematical background for the 

items is the content of the Analysis introduction lecture program taken in the first 

semester. Example tasks are presented in the appendix.  

 

Instruction sub-scale. 

The instruction sub-scale of the test consists of 5 items. The assignment of those items 

to this domain was reviewed by experts as well as by pilot testing. In this domain, the 

test-takers were asked to consider representations of mathematical theories that are 

suitable for students in school. Reduction of abstract theories as well as knowledge 

about the learning process and the individual knowledge state of the students are im-

portant. In developing the instrument to measure this kind of knowledge we asked 

questions, for example, about suitable representations of mathematical theories in 

school.  
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Diagnostic competence sub-scale. 

The 5 diagnostic competence items cover the classification of students’ responses into 

taught contents, identification of possible sources of errors, and interpretation of learn-

ing processes. Here again, the assignment was reviewed beforehand. For instance, 

wrong student responses are presented, and the task is to identify the type or source 

of the underlying error or misunderstanding. This sub-scale describes a mental repre-

sentation of dysfunctional cognition which then serves as a starting point for further 

instruction. For example, test-takers were asked to identify the error underlying a 

wrong student response by deciding, which of the tasks presented require the same 

mathematical understanding as the original one. For this task, the same mistake that 

led to the original wrong response may occur again.  

 

schoolMCK sub-scale. 

9 items were developed specifically to measure schoolMCK. These cover content 

knowledge within the field of analysis in a form that is relevant in school. This di-

mension is seen as a prerequisite for teaching mathematics and for the MPCK do-

mains. The overall rationale behind these items is that we wished to capture the way 

participants coped with the problem of balancing the reduction of mathematical con-

tents to a form suitable for teaching in schools without losing accuracy. This can be 

addressed, for instance by rating unconventional student solutions. For these tasks, 

the test-takers have to be confident enough in their mathematical knowledge to iden-

tify correct answers even if these are written in unconventional language or hidden in 

unconventional thoughts. They also have to be able to isolate main ideas of mathe-

matical theories and objects to discuss them with the students without going into detail 

of the underlying academic theory.  
 

Validation. 

A collection of TEDS-sM items (N. Buchholtz et al, 2012) was used as comparison 

items (with a reliability of .72 according to N. Buchholtz et al (2012)). Due to time 

restrictions, it was not possible to use the full TEDS-sM scale. Nine items within three 

different tasks were chosen, all from the cognitive dimension evaluate and create. The 

tasks are DS29 and DBJ4 from the topic of subject matter didactics and SUG2 from 

education didactics. This choice was made in order to achieve a good fit with the 

topics of the lectures. Very minor language changes had to be made to ensure that all 

technical terms were known to our students.  
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Procedure 

The students voluntarily filled in a questionnaire in the second week of the summer se-

mester 2016. The survey was conducted in the tutorials accompanying the lectures which 

are attended by about 15 to 20 students each. The test time was around 35 min altogether.  

 

Analysis 

In the analysis, we used structural equation modeling to fit latent models. First, the bifactor 

model 1 (see e.g. Reise, 2012) (see Figure 1a), then the alternative model 2 (see Figure 1b) 

was fitted. Data were analyzed using the lavaan-package (Rosseel, 2012) and robust max-

imum likelihood estimation was used. 

 

Assessment of model fit. 

We tested the fit of the bifactor model 1 and compared it to the unidimensional model 

2 to investigate the hypothesis that the two domains of MPCK can explain additional 

variance in the data. We used the Tucker-Lewis index (TLI), the comparative fit index 

(CFI) and the root mean square error of approximation (RMSEA) to evaluate good-

ness of fit (Themessl-Huber, 2014). Values of TLI and CFI greater than .90 and .95 

are usually taken to indicate acceptable and excellent fits to the data, respectively. 

RMSEA values smaller than .60 would show a reasonable fit. In addition, we report 

the c
2

 (Chi-square) test statistic, the ratio of the c
2

 deviance and the degrees of free-

dom. c
2

/df < 2 values are regarded as good fit.  

To compare the nested models, we followed the suggestions of Chen (2007) that a 

model should be favored if incremental fit indices such as the CFI increases by more 

than .015 compared to the more parsimonious model. In addition, we executed a c
2
- 

difference test. Although measurement invariance (Meredith, 1993) should be ensured 

to conduct comparisons between the sub-groups (semesters), this was not possible 

with our data due to the small numbers of participants in the subgroups.  

 

Comparison of latent means. 

Means on the latent variables were calculated for different majors, different cohorts 

and gender. We expected to see no differences for gender and no differences between 

the subgroups of the second semester cohort. At this stage, none of the students had 

attended didactic lectures and the teacher candidates have not yet had any practical 

experience. Differences may be expected to occur within the fourth semester cohort. 

Here, the teacher candidates attending the Analysis 4 lecture may have attended a 

basic didactics course. The students taking the didactics seminar are more experienced 
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in didactics as some of them have already completed the practical phase at school. 

Therefore, we expect to see differences between B.Sc. students with majors in maths 

or physics and teacher candidates who are either taking Analysis 4 or the didactics 

seminar.  

 

Validity coefficients. 

The predicted values for the latent variables were used to compute correlations with 

other scales and school grades. For the scaling of the TEDS-sM anchor items a one-

dimensional model was fitted using lavaan (Rosseel, 2012), and the person parameters 

were predicted.  

 

 

Results 

In this section we present the results for our two models. Model 1 (Figure 1a) is a 

bifactor model (see e.g. Reise, 2012). The alternative model 2 (Figure 1b) is a unidi-

mensional g-factor model. We calculated these models to examine whether the in-

struction and diagnostic competence sub-scales explain additional variance in the data 

compared to the g-factor model. Therefore, results of the comparison are also pre-

sented. As measure for the reliability of the factors schoolMCK, instruction and diag-

nostic competence Cronbach’s  was used. The values were good (.8) and acceptable 

(.72 and .7).  

 

Comparison of two alternative models 

The bifactor model 1 (see Figure 1a) has a acceptable fit to the data, with respect to 

the relative fit indices (CFI = .935, TLI = .921), absolute fit indices (RMSEA = .023) 

as well as c
2

/df = 1.133. Table 2 presents fit results for both models.  
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Table 2 

Model fit statistics for both models 

 

Model 

CFI TLI RMSEA c2

 df c2/df 

bifactor model 1 .935 .921 .023 158.55 140 1.133 
g-factor model 2 .799 .771 .039 207.766 150 1.39 

 

Note:  CFI = comparative fit index, TLI = Tucker-Lewis index, RMSEA = root mean square 

error of approximation  

 

 

The fit of the alternative model 2 (see Figure 1b) is inferior to that of model 1 (see 

Table 2) according to the relative fit indices (CFI = .799, TLI = .771) and the absolute 

fit indices (RMSEA = .039) and c
2

/df = 1.39. The CFI difference is ∆CFI = 0.136 

(Robust) which favors model 1 as it is greater than .015 (Chen, 2007). The results of 

the scaled c
2 

difference test (see Rosseel, 2012; Satorra, 2000) are presented in Table 

3. The test is highly significant for model 1. The wording and content of some items, 

within one task, was similar. Thus, in both models two residual covariances within 

the diagnostic competence domain had to be calculated. Each residual covariance oc-

curs between two items within one task (see appendix Figures A2 and A3). Estimated 

covariances for items in Figure A2 were .41 (model 1) and .52 (model 2). Those in 

Figure A3 were .54 (model 1) and .55 (model 2). 

 

 

Table 3 

Scaled c2 Differences Test 

 

Model 

df c2 2 df Pr( c2) 

model 1 140 132.29    
model 2 150 191.81 44.6 7.9908 4.34410-7 
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Comparison of means 

Comparisons of latent dimension means for different subgroups were tested. The re-

sults are presented in Table 4 including effect sizes and results of one-tailed t-

tests.26The teacher candidates performed significantly worse in the area of school-

relevant content knowledge (t-value = 2.0, df = 52.76, d = 0.46), but significantly 

better in the instruction sub-scale (t-value = -2.59, df = 75.28, d = 0.52). On the in-

struction sub-scale, the teacher candidates in the didactics seminar also outperformed 

the less experienced teacher candidates in the Analysis 4 lecture (t-value = -1.83, df 

= 72.86, d = 0.40). As expected, we found no differences between different majors in 

the second semester. Note that there were no differences between teacher candidates 

and students with maths as their major subject at this early stage in their performance 

on the subject matter part, the schoolMCK sub-scale. On the other hand, for the fourth 

semester students, significant differences were found between the students with maths 

or physics as their major subjects and the more experienced teacher candidates of the 

didactics seminar. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

26Possible gender differences were examined, but none of the results were significant. 
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Table 4 

Comparison of means table with t statistics 

 

 

 2. semester    

 Teacher (n = 
63) 

B.Sc. (n = 31))    

 M (SD) M (SD) t-value (df) p-value d 
sMCK -0.05 (0.66) 0.03 (0.48) -0.71 (79.4) 0.24 0.13 
I -0.05 (0.55) -0.11 (0.58) 0.50 (56.63) 0.31 -0.11 
D -0.13 (0.63) -0.18 (0.61) 0.34 (60.80) 0.37 -0.08 

  4. semester    

 Teacher (n = 
50) 

B.Sc. (n = 59)    

 M (SD) M (SD) t-value (df) p-value d 
sMCK -0.09 (0.81) 0.03 (0.71) -0.81 (98.51) 0.21 1.16 
I -0.03 (0.56) -0.10 (0.57) 0.66 (104.78) 0.25 -0.12 
D -0.02 (0.55) -0.06 (0.55) 0.46 (104.28) 0.34 -0.07 
 B.Sc. (n = 59) Tsem (n = 28)    

 M (SD) M (SD) t-value (df) p-value d 
sMCK 0.03 (0.71) -0.30 (0.72) 2.0 (52.76) 0.025 -0.46 
I -0.10 (0.57) 0.17 (0.38) -2.59 (75.28) 0.01 0.52 
D -0.06 (0.55) 0.04 (0.65) -0.72 (46.13) 0.24 0.17 
 Teacher (A4)  

(n = 50) 
Tsem (n=28)    

 M (SD) M (SD) t-value (df) p-value d 
sMCK -0.09 (0.81) -0.30 (0.72) 1.18 (61.89) 0.12 -0.27 
I -0.03 (0.56) 0.17 (0.38) -1.83 (72.86) 0.04 0.40 
D -0.02 (0.55) 0.04 (0.65) -0.60 (48.6) 0.35 0.10 

 

Note:  sMCK = schoolMCK, I = instruction, D = diagnostic competence, Teacher = teacher 

candidates, B.Sc. = major in maths or physics, Tsem = participants of the didactics seminar  

bold: p < .05. Differences occur within the fourth semester groups. At this stage the curricula 

start to differ (some teacher candidates attended lectures in MPCK).  

 

Validity coefficients 

Correlation coefficients (and squared correlation) were calculated between the latent 

variables of model 1 (sMCKscore, Iscore, Dscore), the scaled TEDS-shortM items 

(TEDSscore) and the individual’s GPA (German grade point average) and maths score 

(of the final secondary school examination). The results are presented in Table 5. The 

similarity of the squared coefficients of sMCKscore (𝑟2=.13 for the maths score and 

𝑟2=.12 for the GPA) and TEDSscore (𝑟2=.07 for the maths score and 𝑟2=.07 for the 

GPA) with the school variables and their own squared correlation of 𝑟2=.14 indicate 

the measurement of similar constructs.  
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Table 5 

Table of correlations 

 

 TEDSscore 
 

sMCKscore Iscore Dscore maths 
score 

GPAa 

TEDSscore 1.00 (1.00)      
sMCKscore 0.37 (0.14) 1.00 (1.00)     
Iscore -0.06 (0.00) 0.18 (0.03) 1.00 (1.00)    

Dscore 0.15 (0.02) 0.12 (0.01) -0.10 (0.01) 1.00 (1.00)   
maths 
score 

0.27 (0.07) 0.36 (0.13) 0.03 (0.00) 0.05 (0.00) 1.00 (1.00)  

GPAa 0.26 (0.07) 0.35 (0.12) 0.03 (0.00) 0.04 (0.00) 0.63 
(0.40) 

1.00 (1.00) 

 

Note:  
a 

inverted, bold: p < .05 (two tailed), correlation r and squared correlation (𝑟2) 

 

 

Discussion 

In MatTES, MPCK was conceptualized with two inner domains – instruction and di-

agnostic competence – which characterize teachers’ interactions with students. The 

starting point was a content-dominated approach to MPCK at the beginning of teacher 

education, where the emphasis is on the development of MCK. For this reason, such 

a content-related approach is more appropriate than more general conceptualizations 

of MPCK, which might also include general pedagogical aspects. The approach em-

ployed here classifies MPCK as a kind of mathematical understanding that teachers 

need for interacting with students and it is seen as something different from the math-

ematical understanding that students gain when attending lectures in pure mathemat-

ics. It involves an understanding that provides the ability to transfer abstract 

knowledge into a form suitable for teaching.  

The validity of the instrument was ensured in various ways. First, experts from the 

teacher education institute in Tübingen and instructors involved in the Analysis lec-

tures worked together during test construction to ensure content validity. Second, the 

test results show substantial correlations with the items employed in TEDS-sM and 

with school grades such as the GPA and the final high school maths score. Note that 

low correlations of Dscore and Iscore (diagnostic competence and instruction) with 

other scales are due to the fact that we controlled for schoolMCK, and those scores 

can be seen as any effect remaining after controlling for schoolMCK. Third, the mean 

differences on the scales conform to expectations based on students’ study programs. 

At the very beginning of the training there are no differences in competencies. Later 

in the training, differences in performance were found between students, depending 

on their program of study, on the schoolMCK scale, and on the instruction scale – the 
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more experienced teacher candidates perform better than students attending the Anal-

ysis lecture.  

The identification of MPCK domains in addition to strictly mathematical knowledge 

within this content-related point of view was carried out by comparing two models – 

a bifactor model (model 1) with the MPCK domains added to a general dimension of 

school-relevant mathematical content knowledge (schoolMCK) and the unidimen-

sional model 2 (see Figure 1a and Figure 1b). The results of the model fit analysis 

favored the bifactor model (model 1), which supports the existence of two MPCK 

domains in addition to the general schoolMCK domain. The latter is seen as a prereq-

uisite for MPCK. Although the identification of MPCK in addition to MCK had al-

ready been analyzed in previous studies, our results are remarkable, because the iden-

tification of the different MPCK domains and MCK was undertaken in a highly con-

tent-related framework. Within this framework the different constructs can be seen as 

different kinds of mathematical understanding. Compared to former studies, our re-

sults show not only that MPCK and MCK can be distinguished analytically in math-

ematics teachers, but also that a separation of MPCK and MCK as kinds of mathemat-

ical understanding and the different development of these domains in the initial stages 

of the training, depending on the study program, is supported by the evidence. By 

separation in this context we do not mean a theoretical separation in the sense of in-

dependent dimensions but in the sense of a statistical identification of distinct do-

mains. This shows that MPCK and MCK can be identified separately in the sense of 

Shulman’s PCK as "subject matter knowledge for teaching" (Shulman, 1986, p. 9). 

This goes beyond the separation of MCK and a comprehensive MPCK dimension – 

including not only content-related parts but also the general pedagogical point of view 

– at a later point in the training (as employed by the TEDS-group and COACTIV). In 

other contexts, a separation seems more obvious because aspects of MPCK which 

differ greatly from MCK are included. For the investigations in this content-related 

context, we deliberately scheduled our study at this early stage of the training for two 

reasons. The first is that at that stage, the focus is on developing subject matter 

knowledge. The second is that study programs for all students in mathematics are 

similar at that stage, and in particular there are no lectures and seminars in the MPCK 

context. The identification of the domains here can then be seen as evidence for the 

importance of supplemental lectures addressing this kind of mathematical understand-

ing already at this early stage.  

The results show no differences between teacher candidates and other students at the 

beginning of the training. Neither in the MCK nor in the MPCK domains did major 

differences arise. This was expected due to the homogeneous sample and to their hav-

ing an identical curriculum in the second semester. In the fourth semester the curricula 

of the teacher candidates and the other students are different. While students who ma-

jor in maths concentrate mostly on mathematical lectures, the teacher candidates at-

tend additional lectures and seminars and some of the teachers’ sample in the fourth 

semester had already completed the practical phase in school. The results reflect this 

specialization in differences of the latent variable means. The more experienced 

teacher candidates of the didactics seminar outperformed teacher candidates and the 
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other students in the Analysis 4 lecture on the instruction scale. This could have been 

caused by the experience those students gained in the practical phase at school, the 

expert monitoring included in this practical phase, as well as by the didactic seminars 

and lectures. By contrast, the students of the didactics seminar did less well on the 

MCK domain – schoolMCK – than the students in Analysis who major in mathematics 

or physics. This is not surprising in view of the differing curricula in later phases of 

the training. Depending on the study program the development of competence differs. 

While the programs of the major in mathematics and physics focus on the subject 

matter, the focus in the study programs for teacher candidates shifts to a parallel de-

velopment of knowledge in both MCK and MPCK.  

The results may be seen as evidence that it is possible to separate different kinds of 

mathematical understanding – referred to as MPCK and MCK – as early as the begin-

ning of the training. This result also supports the notion of a mathematical knowledge 

and skill unique to teaching (described as SCK by Ball et al. (2008)), which should be 

developed in student teachers simultaneously with their experiencing the subject mat-

ter education. Furthermore, MPCK can be separated into domains at this stage, which 

is interesting from a theoretical point of view with respect to the emergence and struc-

ture of competencies. This is important because it can help in the planning of lectures 

and seminars at that phase. In addition to MCK, MPCK is important for teachers, and 

according to the results of this article, it starts to develop together with MCK from the 

beginning of the training. The separation, however, shows that it is not one simple 

unidimensional construct and thus should be supported in addition to the mathematics 

lectures early in the training.  

The study and the formulation of the problem arise from and are based on teacher 

education in Germany. Thus, the generalization to other countries might be limited. 

The version of the test applied here was a very first step in measuring MPCK from a 

content-related point of view. Now that the results have confirmed the desired possi-

bility of separating mathematical knowledge in that framework, the test has to be ex-

panded. In addition, testing time was limited in the study, so the test was rather short 

and only multiple-choice items were used. It would be desirable to include open re-

sponse items for the MPCK domains. The intention is to develop a more detailed ver-

sion of the instrument with the support of a broad group of experts. For further (con-

tent) validity examinations, the improved test will be conducted with students of al-

ternative study programs like chemistry. As a benchmark examination, the improved 

instrument will then be applied to a) students in the second phase of teacher education 

and b) teachers in service. Additionally, for the quantification of criterion validity, 

future studies should examine how school students’ competencies are affected by 

teachers’ scores on the domains diagnostic competence and instruction competence. 
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Appendix 

Example tasks. All tasks were applied in German. 

 

 
 

Figure A1. Example task within the schoolMCK domain  

 

 

Figure A2. Example task within the diagnostic competence domain. Covariances were 

allowed between items A and C. 
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Figure A3. Example task within the diagnostic competence domain. Covariances were 

allowed for both items. 

 

Figure A4. Example task within the instruction domain. 
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Figure A5. Example task within the instruction domain. 

 

 


